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FROM CONSTANT TO NON-DEGENERATELY VANISHING MAGNETIC 

FIELDS IN SUPERCONDUCTIVITY 

BERNARD HELFFER AND AYMAN KACHMAR 


Abstract. We explore the relationship between two reference functions arising in the analysis 
of the Ginzburg-Landau functional. The first function describes the distribution of superconduc¬ 
tivity in a type II superconductor subjected to a constant magnetic field. The second function 
describes the distribution of superconductivity in a type II superconductor submitted to a vari¬ 
able magnetic field that vanishes non-degenerately along a smooth curve. 


1. Introduction 

The Ginzburg-Landau functional is a celebrated phenomenological model that describes the 
response of a superconductor to a magnetic field [8]. In non-dimensional units, the functional is 
defined as follows, 

£(Vh A) = J ^|(V - iA)^] 2 - K 2 |t/>| 2 + yH 4 + | curl A - h ex B 0 \ 2 ^j dx , (1.1) 

where: 

• Q C K 2 is an open, bounded and simply connected set with a smooth boundary; 11 is 
the cross section of a cylindrical superconducting sample placed vertically; 

• (ip, A) € R 1 (H;C) x Lf 1 (H;M 2 ) describe the state of superconductivity as follows: \ip\ 
measures the density of the superconducting Cooper pairs and curl A measures the in¬ 
duced magnetic field in the sample; 

• k > 0 is the Ginzburg-Landau parameter, a material characteristic of the sample; 

• h ex > 0 measures the intensity of the applied magnetic field; 

• Bq is a smooth function defined in Q. The applied magnetic field is h ex Boe , where 

e = (0,0,1). 

We introduce the ground state energy of the functional in (11.11) as follows, 

E gs (K,/ie*;-Bo) = inf{f(^,A) : (ip, A) € R 1 (H; C) x R 1 (H; R 2 )} . (1.2) 

In physical terms, m describes the energy of a type II superconductor submitted to a possibly 

non-constant magnetic field of intensity h ex \Bo\. 

The behavior of the ground state energy in (11.21) strongly depends on the values of n and h ex . 
This is the subject of a vast mathematical literature. In the two monographs El HU, a survey of 
many important results regarding the behavior of E gs (K, h ex ; Bq) is given. The results are valid 
when h ex = h ex (n) is a function of n and n —> +oo. 

Let us recall two important results regarding the ground state energy in (11.21) . The first result 
is obtained in [15| and says, if b € (0,1] is a constant, h ex = bn? and Bq = 1, then 

E §s (k, h ex ,B 0 ) = g(b)\Q\n 2 + o(n 2 ) (k +oo), (1.3) 

where g(b ) is a constant that will be defined in (11.111) below. 

The second result is given in [9j and valid under the following assumption on the function Bq. 

Assumption 1.1. Suppose that Bq : 12 —^► M is a smooth function satisfying 

• |Ro| + |VF>o| > c in Q, where c> 0 is a constant; 

• r = {x € 11 : Bq{x) = 0} is the union of a finite number of smooth curves ; 
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• r n dQ is a finite set. 

Under these assumptions on Bq, if b > 0 is a constant and h ex = bnr, then, 

E gs (/c, h ex ; B 0 ) = k (b|VB 0 (x)|) ^ E(b\VB 0 (x )\) ds(x)^ + o(«), (1.4) 

where E(-) is a continuous function that will be defined in (11.181) below, and ds is the arc-length 
measure in T. 

In physical terms, OD describes the energy of a type II superconductor subjected to a variable 
magnetic held that vanishes along a smooth curve. Such magnetic fields are of special importance 
in the analysis of the Ginzburg-Landau model in surfaces (see 0)- 

Magnetic fields satisfying Assumption 11.11 have an early appearance in the literature, for 
instance in a paper by Montgomery |10| . Pan and Kwek [13] study the breakdown of supercon¬ 
ductivity under the Assumption 1 1.1 1 They find a constant Co > 0 such that, if h ex = bn 3 , b > cq 
and k is sufficiently large, then E gs (ft, h exi Bq ) = 0. Recently, the results of Pan-Kwek have been 
improved in Sim. The discussion in [9] proves that the formula in (11.41) is consistent with the 
conclusion in [13] and with Theorem 1.7 in [3]. 

As proven in [9], the formula in (11.41) continues to hold when h ex = bn 3 and b = b(n) satisfies^, 

k -1 / 2 « b{n) « 1 (a —y Too). (1.5) 

When the condition in (11.51) is violated by allowing^ 

n~ l <C b{n) < k -1 / 2 (n -A- +oo) 
then the formula in (11.41) is replaced with (see ED, 


E gs (n,h ex ]B 0 ) = K 2 g{b(n) k\Bq(x)\) dx + o (b(n) 1 n) 
Jn 


( 1 . 6 ) 


Note that (11.61) is still true for lower values of the external held but with a different expression 
for the remainder term (see mm)- 

The comparison of the formulas in (11.41) and (11.61) at the border reginn^ 

b(n) « k -1 / 2 

suggests that there might exist a relation between the two reference functions g(-) and E(-). This 
paper confirms the existence of such a relationship. 

The two functions g(-) and E(-) are defined via simplified versions of the functional in (11.11) . 
As we shall see, g(-) will be defined via a constant magnetic held, while, for E(-), this will be via 
a magnetic held that vanishes along a line. 

Let us recall the dehnition of the function g(-). Consider b € (0,+oo), r > 0, and Q r = 
(—r/2,r/2) X (—r/2,r/2). Dehne the functional, 

Fb,Q r {u) = J (^b\(V - iA 0 )u\ 2 - \u\ 2 + ^\u\ 4 ^j dx , for u £ H l {Q r ). (1.7) 

Here, Ao is the magnetic potential, 

1 


A 0 (x) = ^(-x 2 ,xi) , for x = ( xi,x 2 ) € M 2 
Dehne the two Dirichlet and Neumann ground state energies, 

e D (b,r) = inf {F btQr (u) : u € Hl(Q r )} , 
e N {b,r) = mf{F b}Qr (u) : u^H l (Q r )}. 


( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 


3 The notation a(«) -C b(n) means that a(ft) = 5 (k)6(k) and lim 8(k) = 0. 

K —^ + 00 

^Tlie notation a(u) < b(u) means that there exists a constant c > 0 and ko > 0 such that, for all k > Ko, 
a(n ) < c6(k) . 


^The notation a(i t) « 6 (k) means that a(t t) < 6 (k) and 6 (k) < a(u). 
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Thanks to (HIT, 15], g(-) may be defined as follows, 

/ia r e o(b,r) e N {b,r ) 

V b > 0 , g{b) = lim = lim , 

r—>oo \Q r \ r^f-oo \Q r \ 
where \Q r \ denotes the area of Q r (|Q r | = r 2 ). 

Moreover the function g(-) is a non decreasing continuous function such that 

g( 0) = — — and g{b) = 0 when b > 1 . 

Now we introduce the function E(-). 

Let L > 0, R > 0, Sr = (-R/2, R/2) x M and 

2 

A van (x) = ( - y, o) , for x = ( 21 , 22 ) € M 2 . 
Notice that A van is a magnetic potential generating the magnetic field 

Rva.n{x) — CUrl A van — X 2 , 


which vanishes along the 22 -axis. 
Consider the functional 


L- 2 / 3 , 


£l,r( u ) = J 1^1 (V — iA van )u| 2 — L 2/3 |rt| 2 H-— \u\ A j dx , 

and the ground state energy 

c gs (L; R) = ini{£ L}R (u) : u € H^^Sr)} , 

where 

^mag,0 (Sr) = {u e L?(Sr) : (V - *A ran )a G L 2 (5fl) and u = 0 on dS R ] ■ 
Thanks to [9], we may define E(-) as follows, 

E(L) = lim . 

.R—loo It 

In this paper, we obtain a relationship between the functions E(-) and g(-): 
Theorem 1.2. Let g(-) and, E(-) be as in (11,111) and (11.181) respectively. R holds, 


E(L) = 2L- 4 / 3 [ g(b) db + o(L- 4 / 3 ) 

Jo 


as L —y O-i-. 


As a consequence of Theorem 11.21 and the co-area formula, we obtain: 

Theorem 1.3. Suppose that the function Bq satisfies Assurnntion M. 1\ and 

re -1 <C 6(k) <C 1. 

Let g {•) and E(-) be the energies introduced in (11.31) and (11.61) respectively. R holds, 

/ g(b(K) k\B 0 (x)\) dx 
Jn 

= re -1 j (J)(k)\VB 0 {x)\^j ^ E(b(n)\\/B 0 (x)\ S j ds(x) + o(6(k)” 1 k^ 1 )) , (k 
T his yields the following improvement of the main result in [9]: 


( 1 . 11 ) 


( 1 . 12 ) 


(1.13) 

(1.14) 


(1.15) 

(1.16) 

(1.17) 

(1.18) 


+00) 
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Theorem 1.4. Suppose that Assumvtion U. 1\ holds and 

hex = b(K,)n 3 , k -1 <C b(n) <1 («;—>• +oo). 

77ie ground state energy in D satisfies, 

E gs (K,h ex -B 0 ) = K J (6(k)|VB 0 (s)|) ^ T'^(N)|Vl?o(a;)|^ ds(x) + o(6(k) _1 k) . (k -a +oo). 

The rest of the paper is devoted to the proof of Theorems 11.21 and 11.31 Note that, along the 
proof of Theorem 11.21 we provide explicit estimates of the remainder terms (see Theorems 13.11 
and 14.ip . 


2. Preliminaries 


In this section, we collect useful results regarding the two functionals in (11.31) and (11.4p . 

For the functional in (11.31) and the corresponding ground state energies in (11.91) and (11.101) . 
the following results are given in mm- 


Proposition 2.1. 

(1) There exist minimizers of the ground state energies in (11.91) and (11.101) . 

(2) For all r > 0 and b > 0, a minimizer u b)T of () 1.9 D or (11.101) satisfies 

Wb,r\ < 1 hi Q r . 

(3) For all r > 0 and b > 0, eo(b, R ) > R ). 

(4) For all r > 0 and b > 1, en(b, r) = 0. 

(5) There exists a constant C > 0 such that, for all b > 0 and r > 1, then 

ej\f(b, R) > eo{b,r) — CrVb ■ (2-1) 

(6) There exists a constant C such that, for all r > 1 and b £ (0,1), 

9 (6)<^< 9 (0) + cf. (2.2) 

Remark 2.2. The estimate in (12.21) continues to hold when b > 1, since in this case g(b) = 0 and 
e D (b,r) = 0. 

Remark 2.3. Let us mention that Inequality (12.ip is proved in [21 Prop. 2.2] for 0 < b < 1 and 
can be easily extended for 6=1. For b > 1, we have, eo{b, R) = 0, and by a simple comparison 
argument, 

eiv(6,r) > e 7 v(l,r) > eo(l,r) — Cr = e^)(6,r) — Cr > eo{b,r) — CrVb. 


Remark 2.4. We recall the following simple consequence of the assertions (3)-(6) in Proposi¬ 
tion [24] Knowing that g{b) = 0 for all b > 1, we may find a constant C > 0 such that, for all 
b > 0 and r > 1, 


e N (b,r) 

\Qr | 


> 9(b) ~ C 


Vb 


The next lemma indicates a regime where the Neumann energy in (11.101) vanishes. 


Lemma 2.5. There exists a constant rg > 0 such that, for all r >r$ and b > rg, 


eN(b,r) = 0 . 


Proof. We have the trivial upper bound, valid for all b > 0 and r > 0, 


eN(b,r) < F biQr ( 0) = 0. 
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Now we will prove that ej\r(b,r ) > 0 for sufficiently large values of b and r. Let u be an arbitrary 
function in H l (Q r ). 

We apply a rescaling to obtain, 



iAo)u\ 2 dx 



|(r 2 V — iA 0 )u| 2 dy , 


(2.3) 


where 


v(y) = u(ry ). 

For every h > 0, we introduce the following ground state eigenvalue, 


Mi (h) 



It is a known fact that (see 0UM), 


lim 
h —^ 0 + 


MiO) 

h 


© 


l , 


where ©i G (0,1) is a universal constant. 

In that way, we get a constant r\ > 0 such that, for all r > r\, we infer from (12.31) . 


[ |(V - iA 0 )u\ 2 dx > f \v(y)\ 2 r 2 dy = f 

JQr ^ JQl ^ J Q r 


\u{x)\ 2 dx. 


We insert this into the expression of Ff, t Q r (u) to get, for all r >r\ and b > 0, 



Let ro = max(ri, 20 x 1 ). Clearly, for all r > ro, b > xq and u € iL 1 (Q r ), iy, n r (u) > 0. 
Consequently, e]\r(b,r ) >0. □ 


The functional in (11.41) is studied in [£j. In particular, the following results were obtained: 

Proposition 2.6. 

(1) For all L > 0 and R > 0, there exists a minimizer tpL,R of (11.161) . 

(2) The function y>L,R satisfies 

\<Pl,r\ < 1 in Sr ■ 

(3) There exists a constant C > 0 such that, for all L > 0 and R > 0, 

[ \vL,R(x)\ 2 dx<CL- 2 / 3 R. (2.4) 

Js R 

(4) For all L > 0 and R > 0, 

E(L) < 'slTA . (2.5) 

(5) There exists a constant C > 0 such that, for all L > 0 and R > 4, 

e§s ^ ;i ^ < E(L) + C(l + L" 2/3 ) R~ 2/3 . (2.6) 
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3. Proof of Theorem fl~2l Lower bound 

The aim of this section is to prove the lower bound in Theorem 11.21 Note that the lower bound 
below is with a better remainder term. 

Theorem 3.1. There exist two constants Lq > 0 and C > 0 such that, for all L G (0, Lq), 

E(L) > 2L -4 / 3 [ g(b ) db - CL ~ l , 

Jo 

where E (-) and g(-) are the energies introduced in (|1.18|> and (11.1111 respectively. 

The proof of Theorem 13.11 relies on the following lemma: 

Lemma 3.2. Let M > 0. There exist two constants C > 0 and Aq > 4 such that, if 
A>A 0 , R> 1, 0<L<A” 3/2 , u€H 1 (Sr), 

||fi||oo < 1 and / \u\ 2 dx < ML~ 2 ^ 3 R, 

JSn 


then 


L 




|(V — -iA van )u | 2 — L -2 / 3 |u| 2 + 


L" 2 / 3 , 


u 


4 \ dx > 2 RL~ A/3 


f 1 9(b) 

Jo 


db - CRL 


-l 


Proof. Let L € (0,1), A > 0 and R and u satisfy the assumptions in Lemma 13.21 If T> C S R , 
then we use the notation 


£(u- V) = jT (j(V - iA van H 2 - L- 2 / 3 M 2 + l - L~ 2 / 3 |u| 4 ^) 
We will prove that, 

£(u- S R n {x 2 > A}) > RL~ 4 / 3 [ g(b) db - CRL ~ l , 

Jo 


dx. 


and 


(3.1) 

(3.2) 

(3.3) 


£{u\ S R n {x 2 < -A}) > RL~ a / 3 / g(b) db - CRL ~ A , 

Jo 

for some constant C independent of L, R, A, L and u. 

We will write the detailed proof of (13.2p . The proof of (13.31) is identical. 

Let t*o be the universal constant introduced in Lemma 12.51 We define bo = 2max(l,r*Q). 
Thanks to Lemma 12.51 we have, 


Vfe>y, Vr> e N (b,r) = 0, 

where is the Neumann ground state energy introduced in (11.101) . 

We define the constant Ao = 4^/bo- We introduce n € N and 

i = n~ x R. 

We will fix a choice of n later at the end of this proof such that (for all A > Ao), 

R < n < —-== , 

~ 2 Wo 

which ensures that 0 < t < 1, some n always exists, and 

VA£ > 2y/bo . 

Let (Qe,j)jej be the lattice of squares generated by 

Qe = (-R/2, —R/2 + £) x (A, A + £), 

and covering M 2 \ { X 2 < A}. 


(3.4) 


(3.5) 











FROM CONSTANT TO NON-DEGENERATELY VANISHING MAGNETIC FIELDS 


7 


For every j £ Sf, let Cj = (cj \, Cj 2 ) £ M 2 be the center of the square Qij, i.e. 

Qe,j = ( — ^/2 + Cj,i,^/2 + Cjq) x [—1/2 + Cj ]2 ,^/2 + Cj }2 ) ■ 

Let Ao be the magnetic potential in (11.81) . j € J , aj = (ayi, 0 .^, 2 ) € Qgj be an arbitrary point 
and 

F,(xi,x 2 ) = ( - - a i)2 ) 2 , ^(x 2 - a j>2 )Oi - a^i)) . 

Note that, for the sake of simplicity, we omitted the reference to £ in the notion of Cj, aj and F ? . 
It is easy to check that 

curl A van = curl ^a J) 2 A 0 + FjJ in Qtj ■ 

Since the square Qg j is a simply connected domain in R 2 , then there exists a real-valued smooth 
function 4>j defined in Qgj such that 

A V an — U 72 Ao Fy X7<fij in Q&,j • 

Let us define the smooth function 


(j)j(x) = fj(x) + a j>2 A 0 (cj) •x (x £ Qgj). 

Now, we have, 

Avan(ic) = Oj,2Ao(x - Cj) + F j{x) - V(j)j(x) ill Qgj . 
Thanks to the definition of Fj, we have, 

|Fj(x)| < £? in Qe,j ■ 

Now, we write the obvious decomposition formula, 

£{u\S r n {x 2 > A}) = YMu;Qtj) • 

i&J 


(3.6) 

(3.7) 

(3.8) 

(3.9) 


We write a lower bound for £{u\Qgj) when j £ J . Recall that, by assumption, for all j £ J, 
Ql j C {x 2 > A}. Let 0 < 7j < 2. Thanks to (13.71) . we may write, 

£{u- Q t j) = j (V - i(A van + V<f>j))e^u\ 2 - L “ 2/3 \e^u\ 2 + dx 

> J ^(1 — 77 )| (V — iaj }2 Ao(x — Cj))e l ^ j u\ 2 — L~ 2 ^\e l( ^ j u\ 2 + —|e*^'u| 4 ^ dx 

— 4 ?/" 1 f \Fj{x)\ 2 \u\ 2 dx . 

JQi,i 

Using the bound in (13.8p . we get further, 


£{u\Ql,j ) > 


'Qi,j 


(1 — 77 )| (V — iaj )2 A 0 (x - Cj))e l ^u | 2 

L~ 2 / 3 


t —2/3 \ r 

- L~ 2 / 3 \e lh u\ 2 +- \e l ^u\ 2 dx - C^H 4 / \u\ 2 dx. 

4 J JQu 


Recall the definition of the energy in (| 1.10 D . A change of variable yields, 

- r ejv((l -??)|a i) 2 |L 2/3 , J\a j)2 \A -Crf 4 £ 4 [ \<p L)R \ 2 dx . (3.10) 

L /d IM V V 7 JQtj 


£(u]Qe,j) > 
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Let us introduce the two new sets of indices, 

J = {jeJ : Qtj n (M < \b Q (l - r?)- 1 ^- 2 / 3 } + 0} 

and Joo = {j e J : Q e ,j C {|x 2 | > ^b 0 (l - ??) _1 L” 2/3 }} . 
Note that J = J U j7oo an d we can decompose every sum over J in the following obvious way 

E = E+E ■ ( 3 -n) 

j&J 

Furthermore, the set J is non-empty if A < 6o(l — rj) -1 L~ 2 ^ 3 . Since g £ (0, and b o > 1, this 

last condition is satisfied when 0 < L < A~ 3 ^ 2 . We will assume this condition henceforth. 

Since \aj i2 \ > A and bo > 1, then the condition in (13.511 ensures that 

\ a j,2 \ @ > 2y/bo > 1 • 


Now, if j £ J, then we can use the lower bound in (12.411 with b = (1— g)\aj t2 \L 2 ^ 3 and r = K 

to write, for a different constant C > 0, 

£(u; Qe,j) > L~ 2/3 £ 2 {g{( 1 - g)\a j)2 \L 2/3 ) - y \A ~ J \u\ 2 dx . 

If j € J 0 o, then (1 — 77)|aj j2 |.L 2 / 3 > and we can use the identity in (13.41) to write 

ejv((l - r7)|a i:2 |^ 2/3 , yJ\ajM^) = °- 
Now we can infer from (13.911 the following estimate, 

E(u]S r n{x 2 > ^}) > L~ 2/3 ^ (ff((l-r?)|a i)2 |L 2/3 ) -j \J\-g L 1/3 ) £ 2 - Crf x t J \u\ 2 dx . 

jeJ R 

Using the assumption on the L 2 -norm of u (see Lemma [3.211 . we get further, 

£(u-,Sr n {x 2 > £l}) > L~ 2 ' 3 ^ (</((l - r/)|aj j2 |L 2/3 ) - j - Crf 1 tRL~ 2 ^ . 

3&J 

For any j £ J , we choose in Qj^ the previously free point aj as a,j := (cyi, c Jj2 + |). 

Since g(-) is a non decreasing function, this choice yields that, 

2 2 
9(0-~r})aj, 2 -bs) = sup g([l-g)tLi)- 

* 6 (— |+Cj,2,Cj,2 + |) 

In that way, the sum 

~ v)Wj, 2 \L 2/3 ) 

i&J 

2 

is an upper Riemann sum of the function ( x±,x 2 ) H)• g((l — 7y)|x 2 |L3) on T>l.r '■= U j e jQe,j an d 

£(u; Sr n {x 2 > t4}) > L” 2 / 3 f g((l — rj)\x 2 \L 2 / 3 ) dx\dx 2 — C(1 — r/)-' 1 / 2 L~ 1 R 

- Cg~ x tRL~ 213 . 

We now observe that, by definition of J and J, 

V L ,r = |J Qe,j C {(xi,x 2 ) € M 2 : \xi\ < R/2 and A < x 2 < 6 0 (1 - r\Y x L~ 2 ! 3 + £} . 
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Since g(-) is valued in ] — oo, 0] and g(b ) =0 for all b > 1, then 


f g((l-r])\x 2 \L 2/3 )dx 1 dx 2 
Jv LJi 


> 


IO<X2<b 0 (l-ri)- 1 L- 2 / 3 +eJ\xi\<R/2 


[ g((l - g)\x 2 \L 2/3 ) dxxdx 2 , 
J In \<R/2 


and a simple change of variable yields, 


f g((l — r])\x 2 \L 2 / 3 ) dx\dx 2 > R(1 — g) X L 27/3 f g(t)dt. 

■I'D Lit Jo 


Therefore, we have proved the following lower bound, 

£[u- S R n {x 2 > M}) > L~ 4 / 3 R{ 1 - g)~ 3 [ g{t) dt - C( 1 - g)~ 1 / 2 L~ 3 R - Cg- l ^RL~ 2 / 3 . 

Jo 

Now, we choose n = [R + 1] where [•] denotes the integer part. In that way, the condition in 
(ESI) is satisfied for all R > 1 and A > A$ = 4\/5o. Moreover, we have the lower bound, 

£(u- S R n {x 2 > M}) > 2L~ a / 3 R{1 - g)- 1 [ g(t) dt - <7(1 - g)~ l > 2 L~ l R - Cg^RL^ 3 . 

Jo 

Now, we choose g = \L 1 ^ 3 so that, for all L € (0,1), g £ (0, ^), g~ x L~ 2 J 3 = 2L~ l , gL~ 4 / 3 = 
7)L~ l and the lower bound in (13.21) is satisfied. □ 

Proof of Theorem \d.l[ We use the conclusion in Lemma [3.21 with the following choices, 

R = 4, A = A 0 , 0 < L < L 0 := A~ 3 I 2 , u = ^l,r, 

where y>L,R is a minimizer of £l,r- Notice that, the estimates in Proposition 12.61 ensure that the 
function u = <Pl,r satisfies the assumptions in Lemma [3.21 
Thanks to (12.61) . we may write, 


E(L) > £l ’ R ^ L ’ R ' ) _ c{ 1 + L“ 2 / 3 ). 
R 


(3.12) 


By splitting the integral over Sr into two parts 


/ -! 
Jsr Js 


+ 


Sr -'<S R n{|a:2|>A} 45i{n{|a:2|<A} 


then using that 


|(V - iAvan)^^! 2 — L 2 / 3 |^L,r| 2 + 


L - 2 / 3 


\pl,r\ A ^ ~ L 2/3 \pl,r\ 


we get, 


£l,r{pl,r) > [ ( |(V — iA van )pL,R\ 2 ~ L 2 J 3 \ipl,r\ 2 + 

< '<S.Rn{|a;2|>A} V 


L- 2 / 3 


\pl 


,R I 


4<S H n{|a;2|<A} 

Now, we use the conclusion in Lemma 13.21 and the bound H^z^rIIoo < 1 to write, 


dx 

L~ 2/3 \^ L)R \ 2 dx. 


£l,r(pl,r)> 2RL~ 4 / 3 f 1 g(b ) 

Jo 


db - CRL - 1 - 2ARL~ 2/3 . 


We insert this into (13.121) to finish the proof of Theorem 13.11 


□ 
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4. Proof of Theorem rot Upper bound 

The aim of this section is to prove the following upper bound version of Theorem 11.21 Note 
that we provide an explicit control of the remainder term. 

Theorem 4.1. There exist two constants Lq > 0 and C > 0 such that, for all L € (0, Lo), 

E(L) < 2 L~ 4/3 [ g{h) db + CL~ 1/3 , 

Jo 

where E (-) and g (-) are the energies introduced in f|1.18|> and (11.111) respectively. 

The proof of Theorem 14.11 relies on the following lemma: 

Lemma 4.2. Let R> 1, L > 0, £ €E (0, 1), g £ (0, 1), c = (ci, C 2 ) €E K 2 and 

Qe = (- 1/2 + ci, ci + e/2) x (-e/2 + c 2 , c 2 + e/2). 

Suppose that 

Qe C {(xi,x 2 ) € M 2 : \xi\ < R/2 and |x 2 |>-^}. 

For all R > 1, it holds, 


inf {£ l ,r(w) : w G H^(Q e )} 

< L~ 2 / 3 f g((l + g)L 2 / 3 \x 2 \]dx 1 dx2 + CL- 2 / 3 (r 1 L 1 / 3 + g- 1 e A y 2 , 

4 Qe 

where, for all w € H^Qe), £l,r(w) is introduced in (11.151) by setting w = 0 outside Qe, and 
C > 0 is a constant independent of i, g, c, L and R. 


Proof. We write the details of the proof when Qe C {x 2 > £~ 2 }. The case Qe C {x 2 < — £~ 2 } 
can be handled similarly. Let a = (ai,a 2 ) € Qe- As we did in the derivation of (13.71) . we may 
define a smooth function cf in Qe such that, 

Avan(x) = a 2 A 0 (x - c)+ F(x)-Vcj)(x) in Q e , (4.1) 

and 

|F(x)| <Ci 2 in Qe , (4.2) 

where C > 0 is a universal constant. 

We introduce the following three parameters, 

g € (0,1), b = a 2 (l + g)L 2/3 , r =sjaf 2 £. (4.3) 

Define the following function, 

u(x) = e l(t>{ - x) u b ^(y/af(x - c)) , x£Qe, 

where Ub }7 - € Hq(Q v ) is a minimizer of the energy e£)(b,r) in (11.91) . 

Clearly, u € (Qe)- Hence, 

inf {S LtR (w) : w € H^(Q e )} < £l,r(u) - 

Using (ED and the Cauchy-Schwarz inequality, we compute the energy of u as follows, 


£l,r(u) < [ ( (1 + 77 )|(V - ia 2 A 0 (x - c))e l(f> u\ 2 - L 2/3 \u\ 2 + 
JQi \ 


L~ 2 / 3 


u| 4 I dx 


+ 4g 1 \F(x)\ 2 \u\ 2 dx . 


Using ED, the bound \ub, r \ < 1, a change of variable and (14.31) . we get, 

p - 2 / 3 

£l,r{u) < - F bt r(u b , r ) + Cg~ x ft , 


a 2 
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where F}, r is the functional in fll.71) . 

Our choice of Ub, r ensures that, 

Fb,r(ub,r ) = e D (b,r). 

Again, thanks to the choice of b and r in (14.31) . we get, 

T — 2/3 . . 

£l,r ( u ) < - e D ( (1 + v)a 2 L 2/3 , yf£T 2 £) + Crf x P . 

a 2 V / 

Now, by the assumption Qg C {x 2 > l ~ 2 }, we know that yfafl > 1. Thus we may use (12.2|) to 
write, 

Sl,r{u) < ^((! + d)^L 2/3 ) + ( ^) 2 + 

= L~ 2 / 3 ^((1 + g)a 2 L 2 / 3 ) + LV3 ^ + Crj-H 6 , 


which is uniformly true for a £ Qg. 

We now select a = (ci,c 2 — 4) • Since g(-) is a non-decreasing function, then 
g{( 1 + v)a 2 L 2/3 ) = inf s((l + v)x 2 L 2/3 ) . 

3^2G(— 2 +C2,C2+ 2 ) 

This yields, 

£ 2 5 r((l+ r/)a 2 L 2/3 ) < f g((l + r/)x 2 L 2/3 )dx 1 dx 2 , 

J Qi 

and finishes the proof of Lemma 14.21 □ 

Proof of Theorem £3 

Let R = 4, L £ (0, 1), g = L and l = - y . Let (Qgj)j be the lattice of squares generated by the 
square 

Q = (-R/2, -R/2 + l)x ( r 2 ,r 2 +1). 

Define the set of indices 


J = {j ■ Qej cS R n{x 2 >l 2 } and Q Lj O {x 2 < (1 + rj) 1 L 2/3 } / 0} . 
For all x = (xi,x 2 ) £ M 2 with x 2 > 0, define u(x) as follows, 


u(x) 


ue,j{x) if j £ J , 
0 if j?J, 


where ugj £ H^Qgj) is a minimizer of the following ground state energy 

inf{£ L) .R(u;) : w £ H^Qgj)} . 

We extend u(x) in {x 2 < 0} as follows, 

u(x) = u(x i,—x 2 ), x = (xi,x 2 ) and x 2 < 0 . 

Clearly, u £ H^ nag 0 (S R ). Notice that, 

£l,r(u) = 2 ^ £L,R( u t,j) ! 
i&J 

and for j £ J , the square Qgj satisfies the assumption in Lemma 14.21 We use Lemma 14.21 to 
write, 

£l,r ( u ) - 2L~ 2/3 j g((l + r/)L 2/3 x 2 ) dxidx 2 + CL~ 1/3 \Vg\ , (4.4) 

where the domain T>g is given as follows, 


V (- = U Qtj ■ 

o&J 
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Thanks to the definition of the set J, it is clear that, 

Sr n {r 2 < x 2 < (1 + r/) -1 L -2 / 3 } C V £ C S R n {0 < x 2 < (1 + r/)-^- 2 / 3 + £} 
This yields: 

\V e \ =0{RL~ V 3 ), 

and (since the function g(-) is valued in [—^,0] and g(b) = 0 for all b > 1), 
r , s r(l+r 1 )- 1 L~ 2 / 3 r-R/2 

J gyil + ri)L 2 ^X 2 j dxidx 2 < J J g[{l + g)L 2 ^X 2 S j dx\dx 2 

= (1 + g)~ 1 L~ 2 ^ 3 R f g(t) dt 

Ji- 2 (i+r l )L 2 l 3 

< (1 + g)~ 1 L~ 2 ^ 3 R [ g(t) dt + i~ 2 R . 

Jo 

Substitution into (14.411 yields (recall that g = L € (0,1) and l = |), 

£ l ,r{u) < 2 L~^ 3 R [ g(t ) dt + CRL~ 1 / 3 . 

Jo 

Since u € H^ n (S R ), then 

e gs < £ L ,r{u) < 2L~ 4/3 R [ g(t) dt + CRL~ l/ 3 . 

Jo 

We divide by R and use fl2.5|> to deduce that 

E(L) < 2L~^ 3 R [ g{t) dt + CL ~ l ! 3 . 

Jo 


□ 


5. Proof of Theorem O 

Let l € (0, 1) be a parameter independent of k. Dehne the two sets, 


= {x € Q, : \B 0 (x)\ < 


1 


b(n)K 


and dist(x, <9fi) > £ } , V Kj g = {x € T : dist(x, dQ) > £} 


Recall that T = {B$ = 0} and by Assumption 11.11 T n d 14 is a finite set. Thus, the area of 
and the length of V K ^ satisfy, for k sufficiently large and some constant C > 0 (independent of 
k and £), 

\V K/ \ < , \T Kft \ < Ce(£) , (5.1) 

where e(-) is a function independent of k and satisfying lim^o, £ {£) = 0. 

The standard proof of (15.111 is left to the reader. The estimate in (15.ip is easier to verify under 
the additional assumption that T and d£l intersect transversally, and in this case e{£) = l. Note 
that g(-) vanishes in [l,oo). Thus, 

/ g(b(k) k\Bq(x)\) dx = / g(b(K) k\Bq(x)\) dx + O 

•J J ^ 

Since b(n)K —>• +oo, then Assumption 11.11 yields. for n sufficiently large, 


3 C > 0 , V x € , 


VS 0 (x )| _1 - \VB 0 (p(x))\ 


-l 


( <f) \ 

KK k ) k J ' 

(5.2) 

? 

r, 

< 

(5.3) 


Here, for k sufficiently large and for all x € £l K ,ti the point p(x) € T is uniquely defined by the 
relation 


dist(x, T) = dist(x,p(x)). 
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The co-area formula yields, 

/ g{b{K) k\B 0 {x)\) dx 
Thanks to m , we get further, 
/ g(b(K) k\B 0 (x)\) dx 


6(k)k 




|V-Bo(x)| 1 g(b(n)Kr) ds J dr. 


‘n,e 


l 




' {\Bo\=r}nfi K: e 

Now, a simple calculation yields, 

\VBo(p(x))\~ 1 g(b(K)nr) ds \ dr 


|VSo(p(x))| 1 g(b{K)nr^ ds j dr + O 


.(&(«)«)' 


f r 

Jo V Jf 


{|Ro|=r}nf2 re ^ 


r ( r 

Jo V J< 


IVSoOO))! 1 ds) g(b(K)Kr) dr, 


{\B 0 \=r}nn K: e 

and (using a simple analysis of the arc-length measure in the curve {|-Bo| = r } and the assumption 
that T n dQ is a finite set), 


V r e 0, 


1 


\VB 0 (p(x))\ 1 ds 


b(K)nJ ’ J{\B 0 \=r}nCl K , 


[ |V5 0 (p(x))| 1 ds + 0(ti(k) +£{(.)) , (/c-»oo), 

^{|So|=0} 


where r/(-) satishes 
As a consequence, we get the following formula, 


lim 7 /(k) = 0 . 

K —^OO 


f g(b(n) n\Bo(x)\) dx = ( ( f g(b(n)Kr) dr \ |VF>o(x)| l ds{x)+0 

JJr \ J o / 


A change of variable and Theorem 11.21 yield, 


g{K) +£{(.) 

b(n)n 


/ g(b(n)nr) dr 

Jo 


1 


b(n)K 

1 


[ g(t ) dt 
Jo 

(l 4 / 3 £(L) + £l 


2 6(/c)k 

L = 6(«)|VS 0 (s)|, 

g{b(n)n\ B o(x)\) dx = \VB 0 (x)\ 1/3 E(b(K)\VB 0 (x)\jds(x)+O + > 

where A(-) satishes lim A(k) = 0. Inserting this into (15.211 and noticing that g(n) -A 0 as k —» oo 

/■£—^OO 

and f was arbitrary in (0,1), then we get the conclusion in Theorem 11.31 


where lini£_ 5 .o£i(-f') = 0. 

For k sufficiently large, we take 

and get, 

1 


Acknowledgements 

This work was done when the first author was Simons foundation Visiting Fellow at the Isaac 














14 


BERNARD HELFFER AND AYMAN KACHMAR 


Newton Institute in Cambridge. The support of the ANR project Nosevol is also acknowledged. 
The second author acknowledges financial support through a fund from Lebanese University. 

References 

[1] K. Attar. The ground state energy of the two dimensional Ginzburg-Landau functional with variable mag¬ 
netic field. To appear in Annales de I’lnstitut Henri Poincare - Analyse Non-Lineaire. 

[2] K. Attar. Energy and vorticity of the Ginzburg-Landau model with variable magnetic field. To appear in 
Asymptotic Analysis (2015). 

[3] K. Attar. Pinning with a variable magnetic field of the two dimensional Ginzburg-Landau model. Preprint 
2015. 

[4] V. Bonnaillie. On the fundamental state for a Schrodinger operator with magnetic fields in domains with 
corners. Asympt. Anal. 41 (3-4) pp. 215-258 (2015). 

[5] A. Contreras, X. Lamy. Persistence of superconductivity in thin shells beyond H c i. arXiv:1411.1078vl 
[math.AP] (2014). 

[6] S. Fournais, B. Helffer. Spectral Methods in Surface Superconductivity. Progress in Nonlinear Differential 
Equations and Their Applications. 77 Birkhauser (2010). 

[7] S. Fournais, A. Kachmar. The ground state energy of the three dimensional Ginzburg-Landau functional. 
Part I. Bulk regime. Communications in Partial Differential Equations. 38 339-383 (2013). 

[8] P.G. deGennes. Boundary effects in superconductors. Rev. Mod. Phys. January 1964. 

[9] B. Helffer, A. Kachmar. The Ginzburg-Landau functional with a vanishing magnetic field. Arch. Ration. 
Mech. Anal. (2015) doi:10.1007/s00205-015-0856-z. 

[10] R. Montgomery. Hearing the zero locus of a magnetic field. Commun. Math. Phys. 168 (3) 651-675 (1995). 

[11] J-P. Miqueu. Equation de Schrodinger avec un champ magnetique qui s’annule. These de doctorat (in 
preparation). 

[12] X.B. Pan. Upper critical field for domains with edges and corners. Calc. Var. and PDE. 14 (4) pp. 447-482 

( 2002 ). 

[13] X.B. Pan, K.H. Kwek. Schrodinger operators with non-degenerately vanishing magnetic fields in bounded 
domains. Trans. Amer. Math. Soc. 354 (10) 4201-4227 (2002). 

[14] E. Sandier, S. Serfaty. Vortices for the Magnetic Ginzburg-Landau Model. Progress in Nonlinear Differential 
Equations and their Applications. 70 Birkhauser (2007). 

[15] E. Sandier, S. Serfaty. The decrease of bulk superconductivity close to the second critical field in the 
Ginzburg-Landau model. SIAM. J. Math. Anal. 34 No. 4 (2003), 939-956. 

(B. Helffer) Laboratoire de Mathematiques, Universite de Paris-Sud 11, Bat 425, 91405 Orsay, 
France and Laboratoire Jean Leray (Universite de Nantes) 

E-mail address: bernard.helffer@math.u-psud.fr 

(A. Kachmar) Department of Mathematics, Lebanese University, Hadat, Lebanon 
E-mail address: ayman.kashmar@gmail.com 


